In tropical algebraic geometry, the solution sets of polynomial equations are piecewise-linear. We introduce the tropical variety of a polynomial ideal, and we identify it with a polyhedral subcomplex of the Gröbner fan. The tropical Grassmannian arises in this manner from the ideal of quadratic Plücker relations. It is shown to parametrize all tropical linear spaces. Lines in tropical projective space are trees, and their tropical Grassmannian G 2,n equals the space of phylogenetic trees studied by Billera, Holmes and Vogtmann. Higher Grassmannians offer a natural generalization of the space of trees. Their facets correspond to binomial initial ideals of the Plücker ideal. The tropical Grassmannian G 3,6 is a simplicial complex glued from 1035 tetrahedra.
Introduction
The tropical semiring (R ∪ {∞}, min, +) is the set of real numbers augmented by infinity with the tropical addition, which is taking the minimum of two numbers, and the tropical multiplication which is the ordinary addition [10] . These operations satisfy the familiar axioms of arithmetic, e.g. distributivity, with ∞ and 0 being the two neutral elements. Tropical monomials x 
represent piecewise-linear convex functions F : R n → R. To compute F (x), we take the minimum of the affine-linear forms C a + n i=1 a i x i for a ∈ A. We define the tropical hypersurface T (F ) as the set of all points x in R n for which this minimum is attained at least twice, as a runs over A. Equivalently, T (F ) is the set of all points x ∈ R n at which F is not differentiable. Thus a tropical hypersurface is an (n − 1)-dimensional polyhedral complex in R n . The rational behind this definition will become clear in Section 2, which gives a self-contained development of the basic theory of tropical varieties. For further background and pictures see [14, §9] . Every tropical variety is a finite intersection of tropical hypersurfaces (Corollary 2.3). But not every intersection of tropical hypersurfaces is a tropical variety (Proposition 6.3). Tropical varieties are also known as logarithmic limit sets [1] , BieriGroves sets [4] , or non-archimedean amoebas [7] . Tropical curves are the key ingredient in Mikhalkin's formula [9] for planar Gromov-Witten invariants.
The object of study in this paper is the tropical Grassmannian G d,n which is a polyhedral fan in R ( n d ) defined by the ideal of quadratic Plücker relations. All of our main results regarding G d,n are stated in Section 3. The proofs appear in the subsequent sections. In Section 4 we prove Theorem 3.4 which identifies G 2,n with the space of phylogenetic trees in [5] . A detailed study of the fan G 3,6 ⊂ R 20 is presented in Section 5. In Section 6 we introduce tropical linear spaces and we prove that they are parametrized by the tropical Grassmannian (Theorem 3.6). Every tropical Grassmannian G d,n has a distinguished cone, called the sagbi cone, which corresponds to the familiar degeneration of the classical Grassmannian to a toric variety. (Note that G d,n classifies all possible toric degenerations like this). In Section 7, we determine the combinatorial structure of the tropical planes given by the sagbi cone, and we offer several general conjectures about G d,n for higher d and n.
The tropical variety of a polynomial ideal
Let K be an algebraically closed field with a valuation into the reals, denoted deg : K * → R. We assume that 1 lies in the image of deg and we fix t ∈ K * with deg(t) = 1. The corresponding local ring and its maximal ideal are
The residue field k = R K /M K is algebraically closed. Given any ideal
we consider its affine variety in the n-dimensional algebraic torus over K, V (I) = u ∈ (K * ) n : f (u) = 0 for all f ∈ I .
Here K * = K\{0}. In all our examples, K is the algebraic closure of the rational function field C(t) and "deg" is the standard valuation at the origin. with c a ∈ K * for a ∈ A. (2) and C a = deg(c a ), then trop(f ) denotes the tropical polynomial F in (1) .
The following definitions are a variation on Gröbner basis theory [13] . Fix w ∈ R n . The w-weight of a term c a · x (2) is deg(c a ) + a 1 w 1 + · · · + a n w n . The initial form in w (f ) of a polynomial f is defined as follows. Setf (x 1 , . . . , x n ) = f (t w 1 x 1 , . . . , t wn x n ). Let ν be the smallest weight of any term of f , so that t −νf is a non-zero element in R K [x] . Define in w (f ) as the image of t −νf in k [x] . We set in w (0) = 0. For K = C(t) and k = C this means that the initial form in w (f ) is a polynomial in C [x] .
Given any ideal I ⊂ K[x], then its initial ideal is defined to be in w (I) = in w (f ) : (c) The set of all vectors w ∈ R n such that in w (I) contains no monomial.
The set defined by the three conditions in Theorem 2.1 is denoted T (I) and is called the tropical variety of the ideal I. Variants of this theorem already appeared in [14, Theorem 9 .17] and in [7, Theorem 6 .1], without and with proof respectively. Here we present a short proof which is self-contained.
Proof. First consider any point w = (deg(u 1 ), . . . , deg(u n )) in the set (a). For any f ∈ I we have f (u 1 , . . . , u n ) = 0 and this implies that the minimum in the definition of F = trop(f ) is attained at least twice at w. This condition is equivalent to in w (f ) not being a monomial. This shows that (a) is contained in (b), and (b) is contained in (c). It remains to prove that (c) is contained in (a). Consider any vector w in (c) such that w = (deg(v 1 ), . . . , deg(v n )) for some v ∈ (K * ) n . Since the image of the valuation is dense in R and the set defined in (a) is closed, it suffices to prove that w = (deg(u 1 ), . . . , deg(u n )) for some u ∈ V (I). By making the change of coordinates
i , we may assume that w = (0, 0, . . . , 0).
Since in w (I) contains no monomial and since k is algebraically closed, by the Nullstellensatz there exists a pointū ∈ V (in w (I)) ⊂ (k * ) n . Letm denote the maximal ideal in k[x] corresponding toū. Let S be the set of polynomials f in R K [x] whose reduction modulo M K is not inm. Then S is a multiplicative set in R K [x] disjoint from I. Consider the induced map
Let P be a minimal prime of the ring on the right hand side. We claim that φ −1 (P ) = {0}. Suppose not, and pick c ∈ R K \{0} with φ(c)
, so we can find f ∈ S such that cf ∈ I. Since c −1 exists in K, this implies f ∈ I which is a contradiction.
There exists a maximal ideal of K[x]/I containing P ⊗ R K K, and, since K is algebraically closed, this maximal ideal has the form x 1 − u 1 , . . . , x n − u n for some u ∈ V (I) ⊂ (K * ) n . We claim that u i ∈ R K and u i ∼ =ū i mod M K . This will imply deg(u 1 ) = · · · = deg(u 1 ) = 0 and hence complete the proof.
Consider any x i − u i ∈ I. By clearing denominators, we get
* and hence equals the unit ideal, which is a contradiction. If
, so P is the unit ideal. But then P is not prime, also a contradiction. This completes the proof.
The key point in the previous proof can be summarized as follows: Corollary 2.2. Every zero of the initial ideal in w (I) lifts to a zero of I.
By zero of an ideal
we mean a point on its variety in (K * ) n . The notion of (reduced) Gröbner bases is well-defined for ideals I ⊂ K[x] and (generic) weight vectors w, and, by adapting the methods of [13, §3] to our situation, we can compute a universal Gröbner basis UGB(I). This is a finite subset of I which contains a Gröbner basis for I with respect to any weight vector w ∈ R n . From part (c) of Theorem 2.1 we derive:
is the intersection of the tropical hypersurfaces T (trop(f )) where f ∈ UGB(I).
The following result is due to Bieri and Groves [4] . An alternative proof using Gröbner basis methods appears in [14, Theorem 9.6] . We shall be primarily interested in the case when k = C and K = C(t). Under this hypothesis, the ideal I is said to have constant coefficients if the coefficients c a of the generators f of I lie in the ground field C. This implies C a = deg(c a ) = 0 in (1), where F = trop(f ). Our problem is now to solve a system of tropical equations all of whose coefficients are identically zero:
Here the tropical variety is a subfan of the Gröbner fan of an ideal in C[x].
Corollary 2.5. If I has constant coefficients then T (I) is a fan in R n .
Results on the tropical Grassmannian
We fix a polynomial ring in n d
variables with integer coefficients:
The Plücker ideal I n,d is the homogeneous prime ideal in Z[p] consisting of the algebraic relations among the d×d-subdeterminants of any d×n-matrix with entries in any commutative ring. The ideal I d,n is generated by quadrics, and it has a well-known quadratic Gröbner basis (see e.g. [12, Theorem 3.1.7] ). The projective variety of I d,n is the Grassmannian G d,n which parametrizes all d-dimensional linear subspaces of an n-dimensional vector space. The tropical Grassmannian G d,n is the tropical variety T (I d,n ) of the Plücker ideal I d,n . Here K any field as in Section 2. Theorem 2.1 (c) implies
Therefore Theorem 2.4 and Lemma 2.5 imply the following statement. As it stands, the fan G d,n might depend on the characteristic of the field K. We conjecture in Section 7 that G d,n does not depend on the characteristic of K. All results in this paper are independent of the validity of this conjecture.
It is convenient to reduce the dimension of the tropical Grassmannian. This can be done in three possible ways. Let φ denote the linear map from R n into R ( n d ) which sends an n-vector (a 1 , a 2 , . . . , a n ) to the lies in image(φ). We conclude:
. No cone in this fan contains a non-zero linear space.
• Intersecting G We shall distinguish the four objects A detailed description of G 2,n and the proof of this theorem will be given in Section 4. Metric properties of the space of phylogenetic trees were studied by Billera, Holmes and Vogtmann in [5] . The abstract simplicial complex and its homotopy type had been found earlier by Vogtmann [16] and by Robinson and Whitehouse [11] . The description has the following corollary. Recall that a simplicial complex is a flag complex if the minimal non-faces are pairs of vertices. This property is crucial for the existence of unique geodesics in [5] . The proof and complete description of G 3,6 will be presented in Section 5. We shall see that G 3,6 differs in various ways from the tree space G 2,n . Here is one instance of this. Another one is Corollary 4.4 versus Proposition 5.5. 
we get a tree.
The classical Grassmannian G d,n is the projective variety in P ( 
The space of phylogenetic trees
In this section we prove Theorem 3.4 which asserts that the tropical Grassmannian of lines G 2,n coincides with the space of phylogenetic trees [5] . We begin by reviewing the simplicial complex T n underlying this space.
The vertex set Vert(T n ) consists of all unordered pairs {A, B}, where A and B are disjoint subsets of [n] := {1, 2, . . . , n} having cardinality at least two, and A ∪ B = [n]. The cardinality of Vert(T n ) is 2 n−1 − n − 1. Two vertices {A, B} and {A ′ , B ′ } are connected by an edge in T n if and only if
We now define T n as the flag complex with this graph. Equivalently, a subset σ ⊆ Vert(T n ) is a face of T n if any pair {A, B}, {A ′ , B ′ } ⊆ σ satisfies (4). The simplicial complex T n was first introduced by Buneman (see [3, §5.1.4] ) and was studied more recently by Robinson-Whitehouse [11] and Vogtmann [16] . These authors obtained the following results. Each face σ of T n corresponds to a semi-labeled tree with leaves 1, 2, . . . , n. Here each internal node is unlabeled and has at least three neighbors. Each internal edge of such a tree defines a partition {A, B} of the set of leaves {1, 2, . . . , n}, and we encode the tree by the set of partitions representing its internal edges. The facets (= maximal faces) of T n correspond to trivalent trees, that is, semi-labeled trees whose internal nodes all have three neighbors. All facets of T n have the same cardinality n − 3, the number of internal edges of any trivalent tree. Hence T n is pure of dimension n − 4. The number of facets (i.e. trivalent semi-labeled trees on {1, 2, . . . , n}) is the Schröder number
It is proved in [11] and [16] that T n has the homotopy type of a bouquet of (n − 2) ! spheres of dimension n − 4. The two smallest cases n = 4 and n = 5 are discussed in Examples 3.2 and 3.3. Here is a description of the next case:
The two-dimensional simplicial complex T 6 has 25 vertices, 105 edges and 105 triangles, each coming in two symmetry classes:
15 vertices like {12, 3456} , 10 vertices like {123, 456}, 60 edges like {{12, 3456}, {123, 456}}, 45 edges like {{12, 3456}, {1234, 56}}, 90 triangles like {{12, 3456}, {123, 456}, {1234, 56}}, 15 triangles like {{12, 3456}}, {34, 1256}}, {56, 1234}}.
Each edge lies in three triangles, corresponding to restructuring subtrees.
We next describe an embedding of T n as a simplicial fan into the
For each trivalent tree σ we first define a cone B σ in R ( n 2 ) as follows. By a realization of a semi-labeled tree σ we mean a one-dimensional cell complex in some Euclidean space whose underlying graph is a tree isomorphic to σ. Such a realization of σ is a metric space on {1, 2, . . . , n}. The distance between i and j is the length of the unique path between leaf i and leaf j in that realization. Then we set
: −w ij is the distance from leaf i to leaf j in some realization of σ + image(φ).
Let C σ denote the image of B σ in the quotient space R ( n 2 ) /image(φ). Passing to this quotient has the geometric meaning that two trees are identified if their only difference is in the lengths of the n edges adjacent to the leaves. Proof. Realizations of semi-labeled trees are characterized by the four point condition (e.g. [3, Theorem 2.1], [6] ). This condition states that for any quadruple of leaves i, j, k, l there exists a unique relabeling such that
Given any tree σ, this gives a system of n 4 linear equations and n 4 linear inequalities. The solution set of this linear system is precisely the closure B σ of the cone B σ in R ( n 2 ) . This follows from the Additive Linkage Algorithm [6] which reconstructs the combinatorial tree σ from any point w in B σ .
All of our cones share a common linear subspace, namely,
This is seen by replacing the inequalities in (6) by equalities. The cone B σ is the direct sum (8) of this linear space with a |σ|-dimensional simplicial cone.
Let {e ij : 1 ≤ i < j ≤ n} denote the standard basis of R ( n 2 ) . Adopting the convention e ji = e ij , for any partition {A, B} of {1, 2, . . . , n} we define
These vectors give the generators of our cone as follows:
From the two presentations (6) and (8) it follows that
Therefore the cones B σ form a fan in R ( n 2 ) , and this fan has face poset T n . It follows from (8) that the quotient C σ = B σ /image(φ) is a pointed cone.
We get the desired conclusion for the cones C σ by taking quotients modulo the common linear subspace (7). The resulting fan in R ( n 2 ) /image(φ) is simplicial of pure dimension n−3 and has face poset T n . It is isometric to the Billera-Holmes-Vogtmann space in [5] because their metric is flat on each cone C σ ≃ R |σ| ≥0 and extended by the gluing relations C σ ∩ C τ = C σ ∩ τ . We now turn to the tropical Grassmannian and prove our first main result. We shall identify the simplicial comples T n with the fan in Theorem 4.2.
Proof of Theorem 3.4:
The Plücker ideal I 2,n is generated by the
The tropicalization of this polynomial is the disjunction of linear systems
Every point w on the tropical Grassmannian G 2,n satisfies this for all quadruples i, j, k, l, that is, it satisfies the four point condition (6) . The Additive Linkage Algorithm reconstructs the unique semi-labeled tree σ with w ∈ C σ . This proves that every relatively open cone of G 2,n lies in the relative interior of a unique cone C σ of the fan T n in Theorem 4.2. We need to prove that the fans T n and G 2,n are equal. Equivalently, every cone C σ is actually a cone in the Gröbner fan. This will be accomplished by analyzing the corresponding initial ideal. In view of (9), it suffices to consider maximal faces σ of T n . Fix a trivalent tree σ and a weight vector w ∈ C σ . Then, for every quadruple i, j, k, l, the inequality in (6) is strict. This means combinatorially that {i, l}, {j, k} is a four-leaf subtree of σ.
Let J σ denote the ideal by the quadratic binomials p ij p kl − p ik p jl corresponding to all four-leaf subtrees of σ. Our discussion shows that J σ ⊆ in w (I 2,n ). The proof will be complete by showing that the two ideals agree:
This identity will be proved by showing that the two ideals have a common initial monomial ideal, generated by square-free quadratic monomials. We may assume, without loss of generality, that −w is a strictly positive vector, corresponding to a planar realization of the tree σ in which the leaves 1, 2, . . . , n are arranged in circular order to form a convex n-gon (Figure 1 ).
Let M be the ideal generated by the monomials p ik p jl for 1 ≤ i < j < k < l ≤ n. These are the crossing pairs of edges in the n-gon. By a classical construction of invariant theory, known as Kempe's circular straightening law (see [12, Theorem 3.7.3] ), there exists a term order
Now, by our circular choice w of realization of the tree σ, the crossing monomials p ik p jl appear as terms in the binomial generators of J σ . Moreover, the term order ≺ circ on Z[p] refines the weight vector w. This implies
Using J σ ⊆ in w (I 2,n ) we conclude that equality holds in (12) and in (10).
The simplicial complex ∆(M) represented by the squarefree monomial ideal M is an iterated cone over the boundary of the polar dual of the associahedron; see [12, page 132] . The facets of ∆(M) are the triangulations of the n-gon. Their number is the common degree of the ideals I 2,n , J σ and M:
The reduced Gröbner basis of (11) has come to recent prominence as a key example in the Fomin-Zelevinsky theory of cluster algebras [8] . Note also: Proof. The cone corresponding to the initial ideal (11) has this property. Proof. If in w (I 2,n ) is a binomial ideal then w must satisfy the four point conditions (6) with strict inequalities. Hence in w (I 2,n ) = J σ for some semilabeled trivalent tree σ. The ideal J σ is radical and equidimensional because its initial ideal M = in ≺ circ (J σ ) is radical and equidimensional (unmixed).
To show that J σ is prime, we proceed as follows. For each edge e of the tree σ we introduce an indeterminate y e . Consider the polynomial ring Z[y] = Z y e : e edge of σ .
Let ψ denote the homomorphism Z[p] → Z[y] which sends p ij to the product of all indeterminates y e corresponding to edges on the unique path between leaf i and leaf j. We claim that kernel(ψ) = J σ .
A direct combinatorial argument shows that the convex polytope corresponding to the toric ideal kernel(ψ) has a canonical triangulation into
unit simplices (namely, ∆(M)). Hence kernel(ψ) and J σ are both unmixed of the same dimension and the same degree. Since kernel(ψ) is obviously contained in J σ , it follows that the two ideals are equal.
Corollary 4.5. The tropical Grassmannian
G 2,n is characteristic-free. This means that we can consider the Plücker ideal I 2,n in the polynomial ring K[p] over any ground field K when computing its tropical variety. All generators p ij p kl − p ik p jl of the initial binomial ideals J σ have coefficients +1 and −1, so J σ ⊗ k contains no monomial in k[p], even if char(k) > 0.
The Grassmannian of 3-planes in 6-space
In this section we study the case d = 3 and n = 6. The Plücker ideal I 3,6 is minimally generated by 35 quadrics in the polynomial ring in 20 variables,
We are interested in the 10-dimensional fan G 3,6 which consists of all vectors w ∈ R 20 such that in w (I 3, 6 ) is monomial-free. The four-dimensional quotient fan G ′′ 3,6 sits in R 20 /image(φ) ≃ R 14 and is a fan over the three-dimensional polyhedral complex G ′′′ 3,6 . Our aim is to prove Theorem 3.6, which states that G ′′′ 3,6 consists of 65 vertices, 550 edges, 1395 triangles and 1035 tetrahedra.
We begin by listing the vertices. Let E denote the set of 20 standard basis vectors e ijk in R ( 6 3 ) . For each 4-subset {i, j, k, l} of {1, 2, . . . , 6} we set f ijkl = e ijk + e ijl + e ikl + e jkl .
Let F denote the set of these 15 vectors. Finally consider any of the 15
This gives us another set G of 30 vectors. All 65 vectors in E ∪ F ∪ G are regarded as elements of the quotient space R (
Later on, also following identity will turn out to be important:
Lemma 5.1 and other results in this section were found by computation.
Lemma 5.1. The set of vertices of G 3,6 equals E ∪ F ∪ G.
We next describe all the 550 edges of the tropical Grassmannian G 3,6 .
(EE) There are 90 edges like {e 123 , e 145 } and 10 edges like {e 123 , e 456 }, for a total of 100 edges connecting pairs of vertices both of which are in E. Let ∆ denote the flag complex specified by the graph in the previous lemma. Thus ∆ is the simplicial complex on E ∪ F ∪ G whose faces are subsets σ with the property that each 2-element subset of σ is one of the 550 edges. We will see that G 3,6 is a subcomplex homotopy equivalent to ∆. The facets of ∆ are grouped into seven symmetry classes: Facet FFFGG: There are 15 four-dimensional simplices, one for each partition of {1, . . . , 6} into three pairs. An example of such a tripartition is {{1, 2}, {3, 4}, {5, 6}}. It gives the facet {f 1234 , f 1256 , f 3456 , g 123456 , g 125634 }.
The 75 tetrahedra contained in these 15 four-simplices are not facets of ∆.
The remaining 990 tetrahedra in ∆ are facets and they come in six classes: We now modify the flag complex ∆ to a new simplicial complex ∆ ′ which has pure dimension three. The complex ∆ ′ is obtained from ∆ by removing the 15 FFF-triangles {f 1234 , f 1256 , f 3456 }, along with the 30 tetrahedra FFFG and the 15 four-dimensional facets FFFGG containing the FFF-triangles. This operation makes sense because the four-dimensional cone spanned in R ( 6 3 ) /image(φ) by the five vectors of FFFGG is the cone over a bipyramid. The identity (13) corresponds to the unique affine relation on the vertices of that bipyramid. Passing from ∆ to ∆ ′ means triangulating the bipyramid FFFGG with the three tetrahedra FFGG which contain the edge (GG).
The following theorem implies both Theorem 3.6 and Corollary 3.7. 
It is not a flag complex because of the 15 missing FFF-triangles.
This theorem is proved by an explicit computation. One first checks that the seven types of cones described above are indeed Gröbner cones of I 3,6 whose initial ideals are monomial-free. Next one checks that the list is complete. This can be done by computing the link of each of the known classes of triangles. Algebraically, this amounts to computing the (truly zerodimensional) tropical variety of in w (I 3,6 ) where w is any point in the relative interior of the triangular cone in question. For all but one class of triangles the link consists of three points: The FGG triangle lies in the interior of our bipyramid FFFGG and is incident to two of the three FFGG tetrahedra which make up the triangulation of that bipyramid. It is not contained in any other facet of G Proof. We may assume that w = f 1256 + f 3456 + g 123456 + g 125634 . Explicit computation (using [13 The degrees of the ideals P , Q and I 3,6 are 38, 4 and 42 respectively.
We close this section with one more counterexample arising from the triangulated bipyramid in G It is well-known that they form a sagbi basis for a specific term order. See [13, Theorem 11.8] and the discussion in Section 6 below. The question was whether the sagbi basis property holds for all other term orders. We show that the answer is "no": the maximal minors are not a universal sagbi basis. 
This vector represents the centroid of our bipyramid: w = g 123456 + g 125634 . We consider the 3 × 3-minors of the following matrix of indeterminates:
The initial forms of its 3 × 3-minors with respect to the weights W are Fix any term order ≺ which refines W . The criterion in [13, §11] will show that the 3 × 3-minors are not a sagbi basis with respect to ≺. The toric ideal of algebraic relations on the twenty monomials above is precisely the prime P in the proof of Proposition 5.5. The ideal P strictly contains in w (I 3,6 ). Both have codimension 10 but their degrees differ by 4. Using [13, Theorem 11.4] we conclude that the 3 × 3-minors are not a sagbi basis for ≺.
Tropical Planes
The Grassmannian G d,n is the parameter space for all d-dimensional linear planes in K n . We now prove the analogous statement in tropical geometry 
Proof of Theorem 3.8. The tropical Grassmannian
We begin by describing the map which takes a point w in G ′ d,n to the associated tropical d-plane L w ⊂ R n . Given w, we consider the tropical polynomials
where J runs over all subsets of cardinality d + 1 in [n]. We define L w as the subset of R n which is the intersection of the n d+1 tropical hypersurfaces linear equations derived from Cramer's rule:
The tropicalization of this linear form is the tropical polynomial in (15) , in symbols, trop(f J ) = F J . It is known that the f J form a universal Gröbner basis for the ideal they generate [13, Proposition 1.6]. Therefore, Corollary 2.3 shows that L w is indeed a tropical d-plane. In fact, we have
This proves that the map w → L w surjects the tropical Grassmannian onto the set of all tropical d-planes, and it is the only such map which is compatible with the classical bijection between G d,n and the set of d-planes in K n . It remains to be shown that the map w → L w is injective. We do this by constructing the inverse map. Suppose we are given L w as a subset of R n . We need to reconstruct the coordinates w i 1 ···i d of w up to a global additive constant. Equivalently, for any (d − 1)-subset I of [n] and any pair j, k ∈ [n]\I, we need to reconstruct the real number w I∪{j} − w I∪{k} . Fix a very large positive rational number M and consider the (n − d + 1)-dimensional plane defined by x i = M for i ∈ I. The intersection of this plane with L w contains at least one point x ∈ R n , and this point can be chosen to satisfy x j ≪ M for all j ∈ [n]\I. This can be seen by solving the d − 1 equations x i = t M on any d-plane X ⊂ K n which tropicalizes to L w . Now consider the tropical polynomial (15) with J = I ∪ {j, k}. Since x lies T (F J ), and since max(x j , x k ) ≪ M = x i for all i ∈ I, we conclude
This shows that the desired differences can be read off from the point x:
We thus reconstruct w ∈ G d,n by locating
special points on L w .
The above proof offers an (inefficient) algorithm for computing the map w → L w , namely, by intersecting all 
The tropical hypersurface T (F ijk ) is the solution set to the linear system
The conjunction of these n 3 linear systems can solved efficiently by a variant of the tree reconstruction algorithm in [6] . The output is the tree with metric −2w, where the length of each edge is measured in lattice distance.
Corollary 6.1. Let w be a point in G 2,n which lies in the cone C σ for some tree σ. The image of L w in R n /R(1, . . . , 1) is a tree of combinatorial type σ.
The bijection w → L w of Theorem 3.8 is a higher-dimensional generalization of recovering a phylogenetic tree from pairwise distances among n leaves. For instance, for d = 3 we can think of w as data giving a proximity measure for any triple among n "leaves". The image of L w in R n /R(1, . . . , 1) is a "phylogenetic surface" which is a geometric representation of such data.
The tropical Grassmannians G d,n and G n−d,n are isomorphic because the ideals I d,n and I n−d,n are the same after signed complementation of Plücker coordinates. Theorem 3.8 allows us to define the dual 6 . Its image in R 6 /R(1, . . . , 1) is a tree as in Figure 1 , of type σ = {12, 3456}, {34, 1256}, {56, 1234} . The Plücker vector dual to w is w * = e 3456 + e 1256 + e 1234 ∈ G 4,6 ⊂ R ( We shall compute the tropical 4-plane L w * by applying the algorithm in the proof of Theorem 3.8. There are 6 tropical polynomials F J as in (15), namely,
The tropical 4-plane L w * is the intersection of these six tropical hyperplanes:
We claim that L w * is not a complete intersection, i.e., there do no exist two tropical linear forms F and = (a 1 , . . . , a 6 ) lies in the 2-plane L w . There are 9 types of such tropical linear forms F , one for each of the 9 edges of the tree L w . For instance, the bounded edge {56, 1234} represents the tropical forms
By checking all pairs of the 9 edges, we find that any conceivable intersection
... This example can be generalized as follows. We omit the proof.
The special tree σ in Proposition 6.3 is called the caterpillar in the phylogenetic literature (see Figure 2 ). It appears in Section 7 as a sagbi plane.
Our next goal is to give a combinatorial encoding of tropical planes. The type of a tropical plane L w is a strong combinatorial invariant, but it does not uniquely determine the cone of G d,n which has w in its relative interior. We will see this phenomenon in the example below.
Example 6.5. We present three of the seven types in G 3, 6 . In each case we display type(L w ) with the 15 obvious tripartitions i, j, [6] \{i, j} removed.
We begin with the sagbi type which will be studied in the next section. 7 The sagbi cone
In the previous sections we have seen that all the cones of the tropical Grassmannians G 2,n and G 3,6 are simplicial cones. We have also seen that all initial binomial ideals are generated by monomial differences p a − p b in the Plücker coordinates. We conjecture that these properties hold in full generality. The classical Grassmannian G d,n is a non-singular projective variety. We believe that smoothness of G d,n should somehow imply the following property. The third conjecture says that G d,n is independent of the field K. , and the number of bounded i-dimensional faces of L is at most
Here L ′ refers to the image of L in R n /R(1, . . . , 1). For d = 2 these formulas give the numbers of vertices and (bounded) edges of a trivalent semi-labeled tree. For d = 3 and n = 6 we are considering a two-dimensional "phylogenetic surface on six taxa". It is supposed to have at most 6 vertices, 24 edges, 6 of them bounded, and 28 facets, one of them bounded. Our classification in Section 5 and Example 6.5 proves that this is the case. Moreover, six of the seven types of generic 3-planes in R 6 attain these bounds. The only exception is the generic plane EEEE. It has no bounded facets and only 5 bounded edges, for a total of 6 vertices, 23 edges and 27 facets.
The goal of this final section is to provide supporting evidence for Conjectures and 7.1 and 7.4 by studying a distinguished maximal cone of G d,n .
For any positive integers d ≤ n, the d ×d-minors of a generic d ×n-matrix (x ij ) form a sagbi basis with respect to the diagonal term order [12, Theorem 3.2.9] . This term order can be described as follows. Define
Let Σ be the open cone in R
T which is defined by the inequalities
We regard each point in Σ ⊂ R T as a d × n-matrix by placing +∞ into the coordinates indexed by ([d] × [n])\T . The diagonal term order is represented by the matrices in Σ. This cone corresponds to the distinguished "lexicographic" vertex of the polytope studied in [15] . That vertex is simple and can be described be the following easy lemma: Let ψ be the linear map from R d×n to R (
For any matrix u ∈ Σ, ψ(u) is its vector of tropical d × d-minors. For any w ∈ ψ(Σ), the initial ideal in w (I d,n ) is the toric ideal of algebraic relations among the diagonal products x 1j 1 x 2j 2 · · · x dj d . (This is the characterization of the sagbi basis property given in [13, §11] ). Since every proper initial ideal of a toric ideal contains monomials, it follows that ψ(Σ) is contained in a unique maximal cone Σ d,n of the tropical Grassmannian G d,n . We call Σ d,n the sagbi cone. We will show that this cone is simplicial.
Theorem 7.6. The sagbi cone Σ d,n is equal to ψ(Σ). Its image modulo image(φ) is a simplicial cone, i.e. is defined by
For the proof we will need the following lemma.
\ K with i < j < k < l, and let w ∈ Σ d,n . Then w K∪{i,k} + w K∪{j,l} = w K∪{i,l} + w K∪{j,k} < w K∪{i,j} + w K∪{k,l} .
Proof. The binomial P = −p K∪{i,k} p K∪{j,l} + p K∪{i,l} p K∪{j,k} lies in in w (I d,n ) because it is a valid relation among the diagonal leading terms. Thus P = in w (f ) for some f ∈ I d,n . The ideal I d,n is Z n graded and P is homogeneous for this grading, so we may assume that f is also homogeneous of the same degree as P . But this graded component is a one-dimensional K-vector space, spanned by
This implies in w (Q) = P , which is equivalent to the assertion. 
. By Lemma 7.7, we see that
Define u in to be the common value of the differences w J∪{i} − w J∪{n} for any
This proves that w = ψ((u ij )). It remains to be shown that the matrix (u ij ) lies in the cone Σ. Let (i + 1, j) and (i, j + 1) ∈ T . Set K = {1, 2, . . . , i − 1, n − d + i + 2, . . . , n}, so K has d − 2 elements. Since (i, j + 1) and (i + 1, j) belong to T , we have i − 1 < j − 1 and j + 2 < n − d + i + 2, and, by Lemma 7.7, w ∈ Σ d,n implies w K∪{j−1,j+1} + w K∪{j,j+2} < w K∪{j−1,j} + w K∪{j+1,j+2} .
We replace these four tropical Plücker coordinates by the respective right hand sides in (19). Then we cancel all the terms with l < i or l > i + 1 which occur on both sides. What results is the inequality
This is precisely the facet-defining inequality in Lemma 7.5.
We have thus seen that Σ d,n is cut out by (d − 1)(n − d − 1) inequalities. As the image of Σ d,n in G ′′ n,d is pointed, these equations can not be redundant and the image of Σ d,n in G ′′ n,d is simplicial. We have seen in the previous section that the tropical Grassmannian parameterizes tropical linear spaces. By a sagbi plane we mean any tropical d-plane in R n whose Plücker vector lies in the sagbi cone Σ d,n . The face poset of a sagbi plane depends only on d and n. We shall describe it explicitly. Example 7.8. For d = 3 and n = 6, the sagbi plane is the one of type EEFF1. For d = 2 and n arbitrary, the sagbi plane is the caterpillar tree in Proposition 6.3. This is the only tree whose dual is a complete intersection.
We note that the sagbi property is stable under Plücker duality. This theorem is proved by examining the conjunction of disjunctions of linear inequalities specified by ℓ 1 , . . . , ℓ n−d . This can be done as follows. Given any point x ∈ R n we let A i (x) denote the set of all indices j such that x j − ij = min(x 1 − i, x 2 − 2i, x 3 − 3i, . . . , x n − ni).
Lemma 7.11. The maximum of A i (x) is at most the minimum of A i+1 (x).
Proof. Suppose this does not hold. Then there exist indices k < l with x l − li < x k − ki and x k − k(i + 1) < x l − l(i + 1).
Adding the two inequalities gives −k < −l, a contradiction. 
